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Measurement-based quantum computation [l| is a novel model of quantum computing 
where universal quantum computation can be done with only local measurements on each 



particle of a quantum many-body state, which is called a resource state [lHl3l|. One large dif- 
ference of the measurement-based model from the circuit model is the existence of "byprod- 
ucts". In the circuit model, a desired unitary U can be implemented deterministically, 
whereas the measurement-based model implements BU, where B is an additional operator, 
which is called a byproduct. In order to compensate byproducts, following measurement 
angles must be adjusted. Such a feed-forwarding requires some classical processing and tun- 
ing of the measurement device, which cause the delay of computation and the additional 
decoherence. Is there any "byproduct-free" resource state? Here we show that if we respect 



the no-signaling principle 



14J, which is one of the most fundamental principles of physics, 



no universal resource state can avoid byproducts. 



NO-SIGNALING PRINCIPLE 



The no-signaling principle means that no message can be transmitted immediately. It is 
one of the most central principles in physics, and it is known to be more fundamental than 
quantum physics in the sense that there is a no-signaling theory which is more non-local 
than quantum physics fl^ |. 

The definition of the no-signaling principle is as follows jl^ . Let us assume that Alice 
and Bob share a physical system, which might be classical, quantum, or even super-quantum 
system (Fig. [Q. Each of them measure their own part. Then, the no-signaling means 

J2P(a,b\x,y) = J2P(a,b\x',y) 

a a 

for all b, x, x', and y. Here, a is Alice's measurement result, b is Bob's measurement 
result, x represents Alice's measurement choice, and y represents Bob's measurement choice. 
Intuitively, this equation means that even if Alice changes her measurement choice, Bob's 
measurement result is not affected. 

II. MEASUREMENT-BASED QUANTUM COMPUTATION 

We perform measurement-based quantum computation on the quantum many-body sys- 
tem S whose state is p. In other words, p is the resource state of our measurement-based 
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FIG. 1: The setup for the no-signaling principle. Alice and Bob share a physical system. 
Alice inputs x and obtains the output a. Bob inputs y and obtains the output b. 

quantum computation. We divide S into two subsystems M and O such that S = M U O 
and M D O = <f). The subsystem M is the set of particles to be measured, and the subsystem 
O is the set of particles which contains the quantum output at the end of the computation 
(Fig. ED- 

M O 



FIG. 2: The resource state. The set M of particles to be measured, and the set O of particles 
which contains the quantum output state at the end of the computation. 

Let us assume that our quantum computation is the implementation of a unitary operator 
U on the initial state a. For that purpose, we measure all particles in M. After the 
measurement, the state of the subsystem O becomes 

B k UaU^B\ 

with probability p k , where k is a vector which represents specific measurement results (a 
branch), and B k is the byproduct corresponding to k. If B k = I for all k, this means that 
the resource state p is "byproduct free" for U . 

n 

For example, let us consider the one-dimensional cluster state [1] . If we measure a qubit 
of the cluster state, we can implement X s He lZe ^ 2 if the measurement result is s = 0, 1, 
respectively. These two measurement outcomes occur with the equal probability. Therefore, 
in the cluster model, X p Z g U, where p,q G {0, 1}, is implemented with equal probabilities 
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1/4. Although such a byproduct X p Z q plays a crucial role in some secure computation, 



such as blind quantum computation 



15M23j|. it would be desirable for a scalable quantum 



computation if we could find a resource state which is byproduct free, since byproducts 
require feed-forwarding, and it causes an additional decoherence. However, we show that 
due to the no-signaling principle, no universal resource state is byproduct free. 



III. PROOF 



In order to show it, let us consider measurement-based quantum computation between 
two people, Alice and Bob, as is shown in Fig. El Alice and Bob first share the resource 
state p (Fig. |3] (a)). Alice possesses the subsystem M and Bob possesses the subsystem O. 
Next Alice measures each particle of M (Fig. [3] (b)). After Alice measuring all particles of 
M, the subsystem O, which Bob has, is in the state 

B k UatfBi 

with the probability pk from Alice's view point (Fig. [3] (c)). From Bob's view point, the 
state of the subsystem O is 

k 

since Bob does not know k. Let us assume = I for all k. Then, Bob's state is 

Y,PkB k UaU^Bl = Y^PkUaU^ 

k k 

= UaU ] . 

Let us choose a unitary operator V such that 

VaV ] ^ UaU ] . 

Because p is a universal resource state, the implementation of V is also possible with ap- 
propriate measurements on M. Then, if we repeat the above argument by replacing U with 
V, what Bob finally obtains after the two-party measurement-based quantum computation 
(Fig. 0(c)) is 

VaV^ 
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if p is byproduct free for V. However, since we have assumed 

VaV ] ^ UaU\ 

it contradicts to the no-signaling principle. In other words, if there exists a byproduct-free 
universal resource state, Alice can have Bob possess two different states, UaW or VaV\ 
at her will by choosing her measurement pattern on M. It contradicts to the no-signaling 
principle, since she can exploit it to transmit her message to Bob. 
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FIG. 3: Measurement-based quantum computation between Alice and Bob. (a) Alice 
and Bob share the resource state, (b) Alice measures each particle according to her algorithm, (c) 
Bob has the output state. 



IV. DISCUSSION 

In this paper, we have shown that if we respect the no-signaling principle, no universal 
resource state of measurement-based quantum computation can be byproduct free. 

In the above argument, we have considered the deterministic measurement-based quan- 
tum computation. In other words, we have assumed that a desired unitary operator can be 
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implemented up to byproducts by measuring a fixed number of particles. For example, the 
cluster state allows such a deterministic measurement-based quantum computation. How- 
ever, there are some resource states which allow only non-deterministic measurement-based 
quantum computation. For example, let us consider the one- dimensional Afneck-Kennedy- 
Lieb-Tasaki (AKLT) state 0, Qj; which is a chain of spin-1 (qutrit) particles. If we measure 
a qutrit, we can implement Xe lZd ^ 2 , XZe lZe ^ 2 , or Z according to the measurement result. 
Note that if we obtain the third measurement result, we cannot implement the z- rotation, 
and we just obtain the trivial Z operation. Hence a desired unitary operator can be imple- 
mented up to byproducts with the probability 1 — 3 _r if we measure r qutrits. 
In this similar argument leads to 

(1 - 3~ r )UaUi + 3- r FuaF!j = (1 - 3~ r )VaV^ + 3~ r F v aF v , 

where Fjj and Fy are some "failed" operators, which are bounded. Then, we obtain 

\\Uatf-VaV^\\ = -J-L-\\F v *ty - FuaF*\\ 

< -^^(WFyaFyW + WFuaFlw), 

which again leads to the contradiction if we choose V in such a way that it is sufficiently 
different from U. 
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